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Abstract. We study a two-point free boundary problem in a sector for a quasilinear 
parabolic equation. The inhomogeneous boundary conditions are assumed to be spatially 
and temporally "similar" in a special way. We prove the existence and uniqueness of an 
expanding solution which is selfsimilar at discrete times, and then prove the existence of 
a shrinking solution which is selfsimilar at discrete times. 
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1 Introduction 

00 

o . 

Consider the problem 

u t = a(u x )u xx , -£i(t) < x < £ 2 (t), t > 0, 
(1.1) I u x (x, t) — — ki(t, u(x, i)), u(x,t) = — xtan/3 for x = —£i(t), t > 0, 
^| y u x (x, t) = fc 2 (t, u(x, £)), u(x, t) — xtan/3 for x — ^(t), t > 0, 

where a e C 2 {R), a(-) > 0, e (0, f ) and h,k 2 G C 2 ([0,oo) x [0,oo),R). In this 
problem, the triple u, £i, £2 are unknown (positive) functions to be determined. 

Our motivation for studying this problem arises in flame propagation, motion 
by mean curvature and other applications (cf. [21 El SI d [H [91 [TOl [11] etc.). El El 
ITOl fTTj etc. considered the linear boundary value problem: 

u t = a(u x )u xx , -(i(t) < x < ( 2 {t), t > 0, 
'1.2) ^ u x (x, t) — — 71, u(x, t) — —x tan /3 for x — — Ci(t), t > 0, 
M x (x,t)=72, u(x, t) = xtan/3 for £ = £ 2 (0> i > 0, 
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where 71,72 are constants. They gave details on the a priori estimates and on the 
existence of solutions of ( 11. 2p with some initial data. Moreover, [2J [3j [11] proved 
that when 71+72 > 0, any time-global solution u is expanding (that is, it moves 
upward to infinity) and it converges to a self similar solution: y/2t cp (x/ \/2t) . On 
the other hand, [9j [10] proved that if 71 + 72 < then any solution shrinks to 
as t — > T for some T > 0. Furthermore, if a is analytic then the rescaled solution 
u/ a/2(T — t) converges to a backward/ shrinking self similar solution with the form: 
ip (x/y/2(T-tf) as t T. 

In this paper we will extend their results to spatially and temporally inhomo- 
geneous boundary conditions: ki,k 2 ^ const.. Our boundary conditions mean that 
the contact angles between the curve (the graph of the solution) and the boundaries 
of the sector domain depend on the spatial and temporal environment. Clearly, 
selfsimilar functions like \/2t f(x/y/2i) or a/2(T — t) ip (^x/ \/2(T — fjj is no longer 
a solution of (II. ip . We have to adopt new concepts for the analogue of selfsimilar 
solutions. Our results in this paper show that problem ( II. ip has a unique expanding 
solution which is selfsimilar at discrete times if ki,k 2 have special "similarity" (see 
(I1.5P ) and if min k\ + min k 2 > 0. On the other hand, problem (II. ip has a shrinking 
solution which is selfsimilar at discrete times if k±,k 2 have special "similarity" (see 
( ll.lOp ) and if max k\ + max k 2 < 0. 

Definition 1.1 Let (u,^,^ 2 ) = (U, Hi,H 2 ) be a solution of (II. ip for t > 0. It 
is called an expanding selfsimilar solution if 

(1.3) bU{x,t) = U (bx,b 2 t) for -Si(<) ^x^E 2 {t), t > 0, 
for some b > 1, and if 

(1.4) b~i(t) = E l (b 2 t) fort>0 (2 = 1,2). 
From (I1.3P we see that, for any t > 0, 

• • • = bUib^x, b~H ) = U(x, t ) = b- l U{bx, b 2 t ) 

This means that U (x, t) is similar to U(x, t ) only at discrete times: t = 6 2m t {m G 
Z). In this sense we may also say that (U, Si, E 2 ) (or, just U) is a discrete selfsimilar 
solution and y/2t (p(x/y/2~i) is a classical selfsimilar solution. 

It is easily seen that a necessary condition for the existence of a discrete expand- 
ing selfsimilar solution is that k\ and k 2 are "similar" in a special way: 

(1.5) ki(t, u) = h (b 2 t, bu) for t,u^0. 
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For simplicity, we also impose another technical conditions on kf. 

(1.6) |A*(t,it)| < tan/3 fort,w^0 (i = 1,2). 
Therorem 1.1 Assume k\,k 2 satisfy conditions (II -5p . (I1.6p . Assume also 

(1.7) min fcj + min k 2 > 0. 

Then problem (11 .ip /ias an expanding selfsimilar solution (U, S 1; S 2 ). 

Moreover, the selfsimilar solution is unique and U t > if ki = ki(u) (i = 1,2). 

Next we consider selfsimilar solutions which shrink to in finite time. 

Definition 1.2 Given T > 0. Let (u, £i, £2) = (^, Hi,H 2 ) 6e a solution of (II. ip 
/or t G [0,T). J/||C/(-,t)||ioc ->-0,Si(t) -X),E 2 (t) -»■ as t T - 0, 
(1-8) 

*7(x,t) = b U (b~ l x, b~H + (1 - b~ 2 )T) for -E x (t) ^x^E 2 (t), 0^t<T, 
for some b > 1, and if 

(1.9) Hi(t) = b% (b~ 2 t + (1 -b- 2 )T) for0^t<T (i = 1,2). 

T/ien ({7, Hi, H 2 ) ('or, jnsi C/J is called a shrinking (or, backward) selfsimilar solution 
of (11-11) on time interval [0,T). 

A necessary condition for the existence of such a solution is that 

(1.10) h{t, u) = h (b~H + (1 - r 2 )T, & -1 tt) for < t < T, u^O. 

Replacing t by T — t' we see that (11.81) . (11.91) and (11. 10p are equivalent to 
(1-11) 

U(x,T-t') = bU (6 _1 x,T -r¥) for -H^T-t') ^ x ^ H 2 (T-t'), < t' < T, 

(1.12) Sj(T — t') = b Hj (T — 6~ 2 t') for < t' ^ T (i = 1,2), 
and 

(1.13) h(T -t',u) = ki(T -b-H^b^u) for < t' ^ T, k ^ (i = 1,2), 
respectively. 

Since U(x, t) is similar to U (x, to) only at discrete times: t = b~ 2m to + (l — b~ 2m )T 
(m G Z and 2m ^ log(^^ fl )/log6), we may also say that (C/,Hi,H 2 ) is a discrete 
shrinking selfsimilar solution on [0, T). 
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Therorem 1.2 Given T > 0, assume k±,k2 satisfy condition ( ll.lOp or fl!.13f> . 
Assume also (11. 6p and 

(1.14) m&xki + max k 2 < 0. 

JTien problem (II. ip /ias a shrinking self similar solution on [0,T). 

Generally, there are no uniqueness results for the shrinking selfsimilar solutions 
(even for linear boundary value problem (II. 2p . (cf. [HI ITU])). 

Definition 11.21 and Theorem 11.21 discuss shrinking solutions on finite interval 
[0, T). If we take a time shift, these solutions can be regarded as solutions on 
[— T, 0). More precisely, let (U, Hi, H2) be a shrinking selfsimilar solution of (II. ip on 
[0,T). Then 

U(x, t; T) := U{x, T + t) for - Ei(t; T) < x < H 2 (£; T), t 6 [-T, 0), 

and 

§i(t;T) :=Hi(x,T + t) for £ G [— T, 0) (2 = 1,2) 

satisfy 

(1.15) C/(x, £) = bU^x, b- 2 t) for - §i(£) < z < H 2 (£), -T ^ t < 0, 
and 

(1.16) %{t) = bZi(b~ 2 t) for - T < £ < (i = 1, 2). 

So (f/,H 1 ,H 2 ) (which is defined on [— T, 0) and shrinks to as t — > — 0) is a 

selfsimilar solution of 

(1.17) 

M t = a(u x )u xx , -£i(t) < x < £ 2 (t), t < 0, 

Ma;(x, £) = — &i(T + £, w(x, £)), w(x, £) = — x tan /3 for x = — £i(£), t < 0, 
^(x, £) = A; 2 (T + £, u(x, £)), w(x, £) = xtan/3 for x = £ 2 (£), £ < 0. 

We now consider shrinking selfsimilar solutions defined in (— 00, 0). 

Definition 1.3 Assume ki = ki(u) (i = 1,2). Le£ (£7, Hi,H 2 ) 6e a solution 
of (I1.17P for t G (—oo,0). If it satisfies (11 . 151) and 111. 16ft for some b > 1 and 
t G (—oo,0) ; £/ien it is called a shrinking (or, backward) selfsimilar solution of 
ffLTTp in (-oo,0). 
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Therorem 1.3 Assume ki = ki(u) and k 2 = k 2 {u) satisfy ( 11. 6ft . ( 11. 14ft and 

/cj(ti) = ki(bu) for some b > 1 and any w ^ 0. T/ien problem ( I1.17P has a shrinking 
selfsimilar solution in (— oo,0). 

Our theorems extend the results about classical selfsimilar solutions in [2J [31 El 
QUI [TT] to nonlinear boundary value problems. Our approach is essentially different 
from theirs though we will use their classical selfsimilar solutions as lower and upper 
solutions to give the growth bound for the solution of (jl.ip . We will convert the 
original problem by changing variables to some new unknowns in a flat cylinder, and 
then consider the w-limits of the new unknowns. Using a result in [1] we show that 
for the problem of the new unknowns there are periodic solutions, which correspond 
to selfsimilar solutions of (11.11) . 

In Section 2 we give some preliminaries, including the selection of the initial 
data, comparison principles and the local existence result. In Section 3 we consider 
the expanding case and prove Theorem 1.1. In Section 4 we consider the shrinking 
case and prove Theorems 1.2 and 1.3. 

2 Preliminaries 

We use notation S := {(x, y) \ y > \x\ tan/3, x G R}, and use d\S and d 2 S to 
denote the left and right boundaries of S, respectively. Hereafter, for two functions 
Ui(x),u 2 (x) with (x,Ui(x)) G S, when we write 

U\{x) ^ u 2 {x) 

we indeed compare them on their common existence interval; when we write 

U\{x) ■< u 2 {x) 

we mean that u±(x) ^ u 2 (x) and the "equality" holds at some x. 

For any to > 0, let u(x,t) be a classical solution of ( 11. ip on time interval [0,to] 
with some initial datum. Denote 

Q t0 := {(x,t) | - £i(t) < x < and < t < t }. 
2.1 Initial data 

Consider the problem ( 11. ip with initial datum 

(2.1) u(x, 0) = u (x), -^oi < x < 62, 
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where £« = £(0) (z = 1,2), m G C^Koi, £02] (fi e (0, 1)) with m (-) > and it 
satisfies the compatibility conditions: 



(2.2) M.C-Coi) = -^(0,wo(-e 01 )), M.(£o 2 ) = ^(0,m (£ 02 )). 

Since our main purpose in this paper is to construct selfsimilar solutions, we will 
not focus on general solutions of (ll.ip - (j2.ip with general initial data as it was done 
in [21 [91 [TT]. We choose uq from C 2+>1 space and only consider classical solution u 
of f ll.ip -f l2.ip . which means that u G C 2+tl ' 1+fl ^ 2 (Q to ) for some t > 0. Furthermore, 
we always choose w such that 

(2.3) — tan/3 + a ^ (u ) x ^ tan/3 — a for — £ 01 ^ x ^ £02, 

for some cr G (0, tan /3). This does not contradicts the compatibility conditions since 
condition (11. 6p implies that for some a G (0,tan/3), there holds 

(2.4) - tan/3 + a < fe° := minfe, < := maxfcj < tan/3 - tr (i = 1,2). 

2.2 Comparison principle 

Definition 2.1 Let ui(x,t), v,2(x,t) (0 ^ t ^ to) ^ e functions satisfying 
(x,Ui(x,t)) G 5 (i = 1,2). iti is called a lower solution of (11 -ip i/ 
(2.5) 

m w ^ g^Mi^m^ for ^ t ^ t an d # with (x, Mi(x,t)) G S 1 , 
u lx (—x,t) ^ — &i(t, Mi(x, t)) for ^ t ^ t an d x with (x,Ui(x,t)) G c^S", 
Mia;(x, t) ^ fc 2 (t, Mi(x, t)) for ^ t ^ to and x with (2, Mi(x, t)) G c^S*. 

M2 is called an upper solution of (11. ip i/ t/ie opposite inequalities hold. 

The following comparison principle follows from the maximum principle easily. 

Lemma 2.1 Let to > 0. Assume thatui(x,t) andu2(x,t) are lower solution and 
upper solution of (11.11) on [0,to], respectively. Ifu\(x,0) ^ m 2 (x, 0), then u\{x,t) ^ 
U2{x,t) for ^ t ^ t and x with (x,Ui(x,t)) G S. If u\{x, 0) ^ m 2 (x,0) and 
Mi(x, 0) ^ m 2 (x, 0), t/ien Mi(x, t) < m 2 (x, t) /or < t ^ t and 2 unt/i (2, m«(x, t)) G 5. 

In the following sections we will use classical selfsimilar solutions of (11. 2p as 
upper and lower solutions of (11. ip to give the growth bound for the solution u of 
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2.3 Gradient bound of u 

Lemma 2.2 Letu(x,t) G C 2+ ^ 1+ ^ 2 (Q to ) be a solution of (ITT]) - (121]) on [0,t ]. 
Then 

(2.6) £)| ^ tan/3 — cr for (x,t) E Q tg . 
Proof By (USD, or (J23D we have 

u*(6 (*),*) = h{t,u{&(t),t)) ^tan/3-o-, 

and 

"*(-&(*)»*) = -fci(t, «(-&(*)>*)) < -A;? < tan/3 - a. 

Combining these inequalities with (12.31) we obtain u x ^ tan /3 — a by maximum 
principle. u x ^ — tan /3 + <r is proved similarly. □ 

Corollary 2.1 Let u(x,t) E C 2+ ^ 1+ ^ 2 (Q to ) 6e a solution of (|ITT]) - (j2TT]) on 
[0, t ]- r/ien, /or any G [— #o> $o] wit/i $o := f — 

(2.7) acos/3 ^ (1 ± 1^(2;, t) tan 0) cos ^ 2-ocot/3 for (x,t) EQt - 

2.4 Change of variables 

To study the local and global existence of solutions of the initial boundary value 
problem ( Il.ip -( 12"TT]) . it is convenient to introduce new coordinates that convert the 
sector domain 5* into a flat cylinder. More precisely, we will make a change of 
variables (x,y,t) h-» (9,p,s), which gives a diffeomorphism (5^(0}) x [0,^) — > 
D x [s , Soo), where 

D := {{9, p) G M 2 | -6 < 9 < 9 , -oo < p < oo} 

with 9 := \ — (3. The functions 9 = 9(x,y,t), p = p(x,y,t) and s = s(t) are to be 
specified below. With these new coordinates, the function y = u(x,t) is expressed 
as p = u(9, s), where the new unknown u(9, s) is determined by the relation 

(2.8) p (x, u(x, t),t)=u (9(x, u(x, t), t), s(f)) . 

The function u(9,s) is well-defined provided that the map t 1— > s(t) is strictly mono- 
tone for t G [0, too) and x (-> 9(x,u(x,t),t) is strictly monotone for each fixed 
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t G [0, too). We will see later that these monotonicity conditions always hold for the 
class of solutions which we consider. Indeed we will prove 



(2.9) 



d d 

—s(t) > 0, —9 (x, u(x, t),t) = 9 x + 9 y u x > 0. 



Once u(9,s) is defined, then substituting it into the relation y = u(x,t) yields 

(2.10) Y (9, u(6, s),s) = u (X(9, u{9, s),s), T{s)) , 

where the map (6,p,s) t-> (X(9, p, s),Y(9, p, s),T(s)) : D x [s , Soo) -»■ (5\{0}) x 
[0,too) is the inverse map of (x,y,t) (9(x,y,t), p(x,y,t), s(t)). The expression 
f)2.10p gives a formula for recovering the original solution u(x,t) from u(9,s). In 
order for u to be smoothly dependent on u, we need the map 9 y X(9,u(9, s), s) to 
be one-to-one for each fixed s and that s i-> T(s) is strictly monotone for s G [sq, Sqo)- 
Indeed we will prove 



(2-11) 



—T(s) > 0, —X (9, u(9, s),s) = X e + X p u e > 0. 



2.5 Local existence 

To get the local existence we first make the following change of variables. 



(2.12) 

The inverse map is 
(2.13) 



. x 
9 = arctan — . 

y 



p 



log(a; 2 + y 1 



x = e p sin9, 
y = e p cos 9, 
t — s, 



(x,y)eS\{0}, 

{x,y)eS\{0}, 
t > 0. 



(9,p) G D, 
(0,p)eD, 
s G [0, oo). 



Clearly, 9 = 9 and 9 = —9 correspond to di S and d\S, respectively. 
Let u(x,t) > be a classical solution of (Il.ip - fl2.ip for t ^ 0, then 

(2.14) p(x,u(x,t),t) = u(9(x,u(x,t),t),s) e^ ' s) cos9 = u(e^ e ' s) sm0,t). 

defines a new unknown p = u(9, s) for s ^ 0. This function is well-defined since 
d „, , , d ( x \ 1 — u r t&n9 



0^ d M*,t),t) = Y x ( arctan ^) ; " u- (1 + tan* 6>) 



> 



by (EZJ). 
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Differentiating the expression e^^ 9 ^ cos = u{e^ e > s) sin 9, t) twice by 9 and once 
by t we obtain 

ujq cos 9 — sin 9 ugg — Ug — 1 e^uit 

^x 71 I '• To ^xx , , 7 71 1 : /i\ q ) 



cos $ 4~ ujq sin $ '' e aJ (cos + sin 9) 3 ' cos + ojq sin 6 1 

Therefore, problem fll.ip - (l2.ip is converted into the following problem 
(2.15) 

'uig cos 9 — sin 9\ ujqq — uj — 1 



\cos0 + cjosxn.0 J e 2uJ (cosO + ugsmO) 2 

u 9 (-0 o , s) = -hl{s, u(-8 , s)), s G [0, oo), 

uo%, s) = ft|(s, w(0 o , s)), s G [0, oo), 

[ w(M) = WoW, 0g[-0 o A]- 

where ojq is defined by ( 12. 14ft at t = s = and 

/ niC N ,o/ \ sin 9 + ki(s,e" cos 6 ) cos 9 ,. 1 , 

(2.16) K({s,u) = — , (^ = 1,2). 

cos Uq — ki{s, e w cos 9 ) sin O 

Estimate ( 12 .6p implies that 

(2.17) a - tan/3 ^ u x = ^ c ° sg ~ sm ^ ^ tan/3 - a for G [-0 O A], O 0. 

cos 6> + cug sin 

Thus cos ^ + sin > since it can not be zero by (12. 17ft and it is positive at 9 = 0. 
Considering the second inequality in ( 12. 17ft we have 

(2.18) a^cos 9 — sin #(tan (3 — a)] $C sin 9 + (tan (3 — a) cos9. 
Note that, for 9 G [-9 , 9 ] (0 O = f - /3), we have 

cos 9 — sin 9 (tan — a) ^ cos 0q[1 ~~ t an #o(tan /3 — a)] ^ a cos /?, 
cos 9 — sin #(tan /3 — a) ^ cos #[1 + tan #o(tan f3 — a)] ^ 2 — er cot p\ 

So 

^ sin + (tan (3 — a) cos 9 ^ 1 + tan (3 — a 

9 ^ cos # — sin #(tan,5 — cr) ^ 1 ctcos/3 
Using the first inequality in this formula we have, for 9 ^ 0, 

cos + sin 6* ^ : — — ^ e\ :- 



cos9 — sin#(tan/3 — a) ' 2 — a cot /3 

Similarly, considering the first inequality in (I2.17P we have 

sin 9 — (tan (3 — a) cos 9 „ 
cos 6 1 + sin fe^tan p — crj 

9 



and cos 9 + v q sin 9 ^ e\ for 9^0. 

Summarizing the above results we have 



(2.19) 



ujq(9, s)\ ^ fli and cos 9 + uj e sin 9 ^ E\ > 



for 9 e [-9 ,9 ] and s ^ 0. 

By the standard theory for parabolic equations, we see that (I2.15P has a classical 
solution on time interval s G [0, 2r] for positive r = r(A; 1 , fc 2 , ^o)- 

The second inequality in (12.191) implies that, once the solution oj of (I2.15P is 
obtained then we can recover it to the original solution u of (11.11) . In fact, 



Consequently, we have the following local existence result. 

Lemma 2.3 Problem (11.11) with initial datum u(x,0) = Uo{x) satisfying ( \2.2\\ - 
(12. 3p has a classical solution u on time interval [0,2r], where r depends only on 
k±, k 2 , /i and u . 

3 Expanding selfsimilar solutions 

In this section we always assume that (I1.7P holds. 

3.1 Classical expanding selfsimilar solutions 

First, recall the classical selfsimilar solutions of (II. 2p . For any 71,72 G M, consider 
the problem 

( a(if'(z))ip"(z) = ip(z) - zip'(z), zGK, 
(3.1) < ^'(-Pi) = -7i, <p(-Pi) = Pi tan/3, 

{ tp'(P2) =72, <f(p2) =^2tan/3. 

[21 El [11] obtained the following result. 

Lemma 3.1 For any given 71,72 with 71 + 72 > ; there exists a unique pair 
Pi,P2 > such that problem (13. ip has a solution (^(^71,72), which is positive on 

[-Pl,P2\- 

It is easily seen that the function 



d_ 
06 



■X(8,u(8,s),s) 



— e w{e ' s) sin 9 = (cos 9 + u sin 9) > 0. 




; 71, 72 for - Ci(t) < x < ( 2 (t), t > 0, 
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with d(t) = Piv2t (i = 1, 2) is an expanding selfsimilar solution of ( \1.2h . Define 

<p-(z) :=tp{zXX) and <fi + (z) := ip(z; K®, if°)- 

Then by comparison principle Lemma |2.1[ \/2t tp~{xj\f2£) and \[2~t y9 + (x/y / 2t) 
(both are expanding selfsimilar solutions of (ll.2jl ) are lower and upper solutions of 
(11. ip . respectively. 

Since the initial datum uq > 0, there exist t + ,t~ > such that 



(3.2) 



The comparison principle implies that 



(3.3) y/2(t + t~) <p- 



X 



2(t + t- 



^ u(x, t) ^ y/2(t + t+) <p A 



X 



3.2 Changes of variables 



In Subsection 12.51 we gave a local existence result. One difficulty for deriving the 
global existence is the lack of the growth bound for oj. To give the global existence 
we adopt another change of variables. 

Let t be the constant in Lemma \2. 31 and let t~ > be as in (13. 2p . For any nGN 
satisfying 



(3.4) 

we introduce new variables by 



1 , 1 

n > — and n > — , 



(3.5) 



x 



9 = arctan — , 

y 

1 , n(x 2 + y 2 ) 

2 nt + 1 
1, / h 
- log [ t + - 

n 



{x,y)ES\{0}, 

(x,y) E S\{0}, f)0, 
t > 0. 




x = e s e p sin 9, (9,p)&D, s £ [-^ log n, oo), 
y = e s e p cos9, (6,p)eD, s E [— ~ logn, oo), 



e 2s - i, s G [-|logn,oo) 



Clearly, 9 = 9 and = — # correspond to c^S" and diS, respectively. 
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Let u(x,t) > be a solution of fll.ip - (12.ip for t ^ 0, then a similar discussion as 
in Subsection 12.51 shows that 
(3.7) 

p(x,u(x,t),t) = v(9(x,u(x,t),t),s(t)) & e s e v{e ' s) cos0 = u(e s e v{e ' s) sin0,e 2s -i) 

defines a new unknown p = v(8, s) for s G [— ~ logn, oo). Differentiating the second 
equality twice by and once by t we obtain 

vq cos — sin vgg — v 2 — 1 e v (l + v s ) 



u. 



u. 



cos + vq sin ' e s e v (cos + vg sin 6 1 ) 3 ' 2e s (cos0 + t^sini 

Therefore, problem ( ll.ip is converted into the following problem 
(3.8) 



v s = 2a 



cos 6 1 — sin 6* 



- W2 



cos 6 1 + v e sin / e 2v (cos9 + Vgsm6) 2 
vg(-6 ,s) = -#i(s,?;(-0o,s)), 
ve(0o,s) = g 2 (s,v(6 ,s)), 



- 1, -0 O < ^ < 0o, « > -|logn, 

s ^ — | logn, 
s ^ — | logn, 



where 
(3.9) 



9i\.s,v) 



sin O + ki (e 2s — ^, e s e v cos O j c °s 
cos O — fcj ( e 2s — - , e s e v cos O ) sin 0c 



1,2) 



3.3 Gradient bound of v 

In a similar way as deriving (12 . 191) in Subsection 12.51 one can obtain 
(3.10) \vo{6,s)\^n 2 {(r,P) and cos0 + v 6 sin0 ^ e 2 (a, (3) > 

for G [— 0o, 0o] and s G [— ^logn, oo). 

The second inequality in ( 13. 1 Op implies that, once the solution v of (I3.8P is 
obtained then we can recover it to the original solution u of ( 11.11) . since 

—X(6,v(9,s),s) = T^e s e v{e ' s) sin0 = e s e^ s) (cos0 + v e sin0) > 0. 
O0 c/0 

3.4 Bound of v 

The local existence result Lemma [2731 implies that v exists on s G [— | logn, | log(2r+ 
-)]. We have changed u(x,t) to a new unknown t> (0, s). Similarly, we define v ± by 
ip in the following way 

/ ± \ 

± e s e v sin 



e s e^ cos i 



= J 2 (e*-± + t±) „ j 



/ 2 ( e2 '-^ + t± )J 
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By ( 13. 3p we have e s e v+ cos9 ^ u(e s e v+ sin 6>, e 2s — £). Noting e^e 11 cos = u(e s e v sin 0, e 2s — 
-) we have 

(e v+ -e v )cos9 > U:c (tf,e 2s - -) ■ [(e^ - e v ) sin0], 

where $ = e s siD.6(qe v + (1 — q)e v+ ) for some q G [0, 1]. Therefore v + ^ t> by (12.71) . 

On the other hand, by the definition of v + we have 
(3-11) 

e v+ cos 9 = <p + (-) ^2+(t+- ^)e~ 2s < y/2 + t+fr max </?+ for s ^ ~ log r. 

So 

u(0,s) < w + (fl,s) ^ log 

A similar discussion as above shows that 

v(9,s) ^ v~(9,s) ^ log [2 minv?"] for 9 G [-9 ,9 ], s ^ ^l°g r - 

Remark 3.1 The definition of v depends on n, it is not easy to give a uniform 
(for n) bound for v on [— |logn, oo), but the above results show that a uniform (for 
n ) bound for v is possible on [| log r, oo) . 

3.5 Global existence 

Now we consider problem ( I3.8p with initial datum v(9, — |logn) = vq(6), which is 
defined by (13.71) at s — — ~ logn. Using the bound and gradient bound in the previous 
subsections and using the standard theory of parabolic equations (cf. [3 El [121 fl3] ) 
we can get the following conclusions. 

Lemma 3.2 Problem ( 13. 8 p with initial datum v(9, — |logn) = Vq{6) has a 
unique, time- global solution v (9, s) G (7 2+M,1+At / 2 ([— 9 , 9q] x [— |logn,oo)) and 

(3-12) ll w (^^)|| C 2 +fl ,i+M/2 (heoA) ] x[ i logri0o)) ^ C < oo, 

where Cq depends on fci, &2, fj, and uq but not on s and n. 

This lemma implies the global existence of u. 

Lemma 3.3 Problem ( II. II) - 02. II) has a unique, time- global solution u(x,t). More- 
over, u G C^^+^iQ^), where := {{x,t) \ -&(t) < x < > 0}. For 
any t > r, 

||M(x,t)|| C 2+M,i+M/2(Q t \Q T ) ^ Ci(t ,k 1 ,k 2 ,fl,U ,T) < OO. 



2 + t + /r ma,x(p 
sin (3 



for 9 G [—9q, 6q], O-logr. 
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Indeed, studying the relations between v and u more precisely, it is not difficult to 
see that C\ in this lemma can be replaced by C 2 \ftQ + C3 for some C 2 , C3 depending 
on ki,k 2 , /i, uo and r. 

3.6 Existence of selfsimilar solution 

Since the solution v in Lemma 13.21 is defined for s ^ — |logn, we write it as v n . 
By Cantor's diagonal argument, one can find a function V G (7 2+/t ' 1+/t / 2 ([— 9 , 9 ] x 
[|logr, 00)) and a subsequence {rii} C {n} such that, as i — > 00, 

(3.13) Uni (0,s) V{9,s) in CgJ ([-0 O , ^o] x ^ 
Moreover, V satisfies the estimate 

( 3 - 14 ) ll^(^> s )llc2+M.i+M/2([-e ,eo]x[|iogr,oo)) < Co < 00 

and V" is a solution of 
(3.15) 

Vg COS — Sin 9\ Vg e — Vn — 1 



log r, oo ) ) topology. 



Us = 2a —a —( TT — —axi ~ X > ~ o < < 60, * > |logr, 

\ cos y + f g sin 6/ / e^"(cos# + sm#) z 

«e(-0o,s) = -G ? i(s,u(-6'o,s)), s ^ |logr, 

v e (9 ,s) = G 2 (s,v(9 ,s)), s^Mogr, 



where 

sin 9 + kA e 2s , e s e v cos 9 ) cos #0 

(3.16) Gi( 8 ,v) = ) ^ (i = 1,2). 

cos 6> — fcj ( e 2s , e s e u cos 6*o ) sin # 

Here Gi and G 2 are log 6-periodic functions in s by (jl,5p . 

For any n G N, V^(0, s) := V A (6 I , s + nlogfe) is a solution of (13.151) for s ^ 
| log T — n log 6, and 

l|K(#, s )llc* 2 +f.i+M/2([_6» ,6lo]x[|logT-nlogb,oo)) ^ C 

by ( 13.14]) . Using Cantor's diagonal argument, one can find a function P G C 2 +^> 1+ ^/ 2 
([— 6* , Q ] x R) and a subsequence {rij} C {n} such that, as z — > 00, 

(3.17) V^(0, s) -> F(0, s) in Cfia-flo, #0] x R) topology. 
Moreover, P is a solution of (13.151) for s G R and it satisfies the estimate 

(3.18) \\P(9, s )llc2+M.i+M/2 ( [_ 0Oieo ] x i;) < Co- 
Now we use a result in pp. 
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Lemma 3.4 Let u(-,t) be a bounded (in H 2 (0, 1)) solution of 

, s ( u t = d(t,x,u,u x )u xx + f(t,x,u,u x ), t>0,0<x<l 

1 ' ' I u x {i,t) = g*(t,u(i,t)), z = 0,l, t>0, 



where d,f,g* are C 2 functions, T '-periodic in t. Then there exists a T -periodic 
solution p(x,t) of (13.191) such that lim — p(-,t)\\ H 2 = 0. 



t— >oo 



This lemma implies that the limit P of V ni is a log 6-time-per iodic solution of 

We now recover P to a solution of (11. ip . the corresponding change of variables 
should be the limiting version as n — > oo of (I3.5P and (13. 6p . or for s G (—00,00). 
Using these variables we define U by 

e s e p cos6 = U(e s e p sin8,e 2s ) for 9 e [-0 O , 9 ], s£ (-00,00). 

By (ETTOl) . fl3TT3|) and fl3TT|) we have 

— X(e,P(6,s),s) = — (e s e p{e ' s) sm6) = e s e p{e ' s \P e smd + cos#) > 0, 

<7fc> C/6> 

so the function U(x, t) is well-defined for all t > 0. Moreover, by the definition of £/ 
and the periodicity of P we have 

6f/(e s e p(e ' s) sine,e 2s ) = be s e p{e ' s) cos9 = e s+l ° sb e p ^ s+l ° sb) cos9 

= U{be s e p{d ' s hm6,b 2 e 2s ). 

Hence 

&[/(x,t) = U{bx,b 2 t) for - Hx(t) < x < E 2 (t), £ > 0, 

where — Ei(t) and S 2 (i) are the x-coordinate of the end points of the graph of U. 
Since t = e 2s we have 

S 2 (t) = e s e p(e °' s) sin O = v'fe^'W*) sin# for t > 0. 

So 

E 2 {b 2 t) = ftVte p(eo ^ log * +log6) sin^ = bVte p{e °^ Iogt) sinfl = &S 2 (t) for i > 0. 

Similarly we have Si(6 2 t) = for i > 0. Consequently, we obtain a selfsimilar 

solution of (II. ip and this proves the existence part of Theorem 11.11 □ 
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3.7 Uniqueness of selfsimilar solutions 

In this subsection we assume ki(t,u) = ki(u) (i = 1,2) and to prove the uniqueness 
conclusion in Theorem 1.1. The uniqueness for general k{(t,u) is still open. 
We begin with choosing a convex initial datum u , that is, 

a(u 0x )u 0xx ^ e 

for some e > 0. Such a choice is possible. For example, draw a line i\ from 
Ai := (— l,tan/3) with slope — fci(0, tan/3). Denote the contacting point between l x 
and d 2 S by A' 2 , then A' 2 := (x' , x' tan /3) with 

. tan/3 — /ci(0,tan/3) 
X ; = — . 

tan/3 + ki(0, tan/3) 

Choose A 2 := (x' + e', (x' + e') tan/3) e d 2 S for some small e' > 0, then A 2 is above 
A' 2 . Draw a line £ 2 from v4 2 with slope k 2 (0, (x' + e') tan/3). Since 

k 2 (0, (x' + e')tan/3) ^ A;° > -A;? ^ -^(0, tan/3), 

£2 must contact l\ at some point A3 e S provided e' > is small enough. Now we 
smoothen A\A$ + A 3 A 2 such that the smoothened curve C is strictly convex, it is 
tangent to AiA 3 at Ai, tangent to A 3 A 2 at A 2 . Now the corresponding function uq 
of C is a desired initial datum. 

Let u be the solution of (11.11) with above constructed initial datum w . Denote 
1] = u t . Differentiating the problem (II .ip w.r.t t we have 

r] t = a(u x )r] xx -\- a {u x ^)u xx t\ x , -&(t) <x<Ut), t>0, 

Vx (-^(t),t) = h(t)v(-Ci(t),t), r] x (&(t),t) = f 2 (t)v(Ut),t), t > 0, 

r)(x, 0) = a(u 0x )u Qxx ^ e > 0, 

where f\ and f 2 are continuous functions. Maximum principle implies that 77 = u t > 
for t > 0. Using the same notions as in previous subsections we have 1 + v s > 
and so 1 + V s ^ for s ^ | log r. Using (I3.17P one has 1 + P s ^ for all s 6 R, this 
implies that {7f ^ 0. Finally, the strong maximum principle implies that U t > for 
all t > 0. 

Assume that, besides (U, Hi, S 2 ), there is another selfsimilar solution {U* , E\, E 2 ) 
such that 

U*(x, t) = U(x,t), U*{x, t) £ U(x,t). 
Set t := inf{t | U*(x,t) < U(x,t)}, then 

(3.20) £>t and E/*(ar,t) r< U{x,i). 
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Since both U and U* are selfsimilar we have 



b^U^bx^t) = U*{x,t) for 



b- l U{bx,b 2 t) = U{x,t) for 



Si(t) < x < E 2 (t). 



Hence (I3.20p implies that 



U*(x,b 2 i) r< f/(x,o 2 



t) for 



St(6 2 t) < a; < S^(6 2 t). 



On the other hand, by comparison principle Lemma 12.11 and (I3.20p we have 



for some e" > 0. So b 2 t < t + (o 2 - l)t since > 0, that is, t < t, a contradiction. 
Therefore, (£7, Hi, H 2 ) is the unique selfsimilar solution of (ll.ip . This completes the 



4 Shrinking selfsimilar solutions 

In this section we always assume that (I1.14p holds. 

4.1 Classical shrinking/backward selfsimilar solutions 

First, recall the classical selfsimilar solutions of (11. 2p . For any 71,72 G R, consider 
the problem 

( a(ip'(z))ip"(z) = ztP'(z) - ip(z), zGK, 
(4.1) ! ip'(-qi) = -71, H-H) = 9i tan/3, 

[ ^'(92) = 72, ^(92) = g 2 tan/3. 

P, [10] obtained the following result. 

Lemma 4.1 For any 71, 72 satisfying 71 + 72 < ; t/iere exists a pair qi, q 2 > 
suc/i that problem (14.11) /jas solution i[)(z] 71, 72), which is positive on [— gi,g 2 ]. 

It is easily seen that the function 



U*(x,b 2 i) = U*(x,t + (b 2 - l)t) < U{x,t+ (6 2 - l)t) 



— e 



proof of Theorem 1.1. 



□ 




with Q(t) = qi\j2(T — t) [i = 1,2) is a classical shrinking/backward selfsimilar 



solution of ffl~2l) . 
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We use (ijj~(z), gf, q%) to denote the solution of ( 14 .11) with 7^ = (z = 1,2), 
use (-^ + (z), gj 1- , g^~) to denote the solution of (14. ip with 7« = K® (i = 1, 2), where fcf 
and iCf are those in (12.41) . 

By dHHD , Kl + K° < and so {^f < 0. For any T > 0, the func- 
tion y/2{T - i) i/)-(x/y/2(To - t)) and the function ^/2(T - t) ^ + (z/ V 2 ( T o ~ *)) 
(both are shrinking/backward selfsimilar solutions of (II .2p ) are lower and upper so- 
lutions of ( II. ip . respectively. Since the initial datum uq > 0, there exists T + , T~ > 
such that 



(4.2) 



Comparison principle implies that 
(4.3) 

V2(T- - t) r | . / J < u(ar,t) < y/2(T+-t) ^ + 1 



y/2(T--t)J ' ' V \^/2(T+-t) 
on the time interval where these three functions are defined. 

Lemma 4.2 Lei ^ ± and T ± 6e as zn (jO]) . Then T+ > T - ^ 5T+, w/iere 

Proof. We first prove T + > T~. The areas D ± (t) of the regions enclosed by the 
graph of y/2(T± - t) i) ± (x/^2(T ± - t)), <9 1( S and <9 2 S are given by 



/•C2(t) , / 

£>*(*)=/ V2(T± - t) ^ 

J-Ci(t) V 



A simple computation shows that 



^--[d 2 (t) + C2 2 (*)]tan/3. 



>/2(T± -t) 2 1 



2 o(p)dp, (D-)'(t) = / 2 o(p)dp. 
Since D + {T + ) =D-{T~) = Q we have 

(4.4) £> + (0) = / dt a(p)dp, £T(0) = dt a(p)dp. 



K° JO Jk° 



(imp implies that k° 2 < K\ < -K° < —k°, gjZD implies that D+(Q) ^ D~(0). 
Therefore, by (14.41) we have T + > T~. 
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Next we prove T ^ 5T + . For i = 1, 2, denote Qf (resp. Q t ) the end points of 
the graph of y f 2T+ ip + {x/VW+) (resp. the graph of V2T^ ^-(x/V2T^)) on diS, 
respectively. 

Connecting Qf and Q 2 we get a line segment QfQ 2 - It is below the graph of 
V2T+ ip + (x/V2T+) since < 0. Draw a line from Q^ 1 " (resp. Q 2 ) with slope 

— tan/3 + a (resp. tan/3 — a). Assume that it contacts d 2 S (resp. d\S) at v4 2 (resp. 

Ax). 

By (14. 2 p the graph of uq contacts the line segment QtQ 2 ■ Since \uo x \ ^ tan /3 — a, 
we see that the graph of uq is above the line segment A\A 2 . 



If for some T > 0, the graph of y/2T ip~(x/ \/27o) is tangent to from 
above, then (note K - ?/' - )'! ^ tan/3 — a) the graph of \/2Tq ip~(x/\/2To) lies above 
the line segment B\B 2) where B\ (resp. B 2 ) is the contacting point between the line 
passing A 2 (resp. A{) with slope tan (3 — a (resp. — tan /3 + a) and the left boundary 
diS (resp. right boundary d 2 S). Therefore, are above Bi for i = 1,2. 

Using the coordinates of Q\ = ((— 1)V, cos /3, r, sin /3), where 



cos /3 



1,2), 



one can easily calculate the coordinates of B\ and B 2 . 

/(— l)V 2 rjCos/3 cr 2 rj sin /3 
' = V (2tan/3- ( r) 2 ' (2 tan /3 - a) 2 

The fact that is above -B2 implies that 

cr 2 cos /3 



1,2). 



V2T^q 2 ^ 



(2 tan /3 - a) 



cos/3 



So 



T" 



-1 2 



c/ 2 (2 tan/3 — cr) 



This proves the lemma. 



□ 



4.2 Shrinking time for solutions of ( II. ID - ( 12711 ) 



In this subsection we consider the shrinking time for the solution u = u(x,t;uo) of 
(11. ip with initial datum uq. We give two results. The first one is about the shrinking 
time of u = u(x,t; Uq) for given w , the second one is about the existence of Uq for 
given shrinking time T. 
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Lemma 4.3 Let Uq be an initial datum satisfying (14.21) and all the conditions 
in Subsection 2.1. Then there exists T G (T~,T + ) such that the solution u(x,t;uo) 
°f (jl.ip - fl2.ip exists on time interval [0, T), and 

(4.5) ||tt(-,*)IU« -»> 0, 0, ast^T. 

Proof. We use polar coordinates x = rsin^, y = rcos^ for 6* G [— ^Oj^o] to 
define a new function r = r(0, £) for t ^ 0: 

r cos $ = it(r sin 0,£). 

This formula indeed defines an explicit function r = r(9,t) by (12. 7\) (A similar 
discussion as in Subsection 2.5 also shows that r is well-defined). Problem (11. lj) is 
then converted into 



(4.6) 



(tq cos 9 — r sin#\ rraa — lri — r 1 „ r „ „ . 

r« = a ■ 7) ) / ' ^, 9e[-9 ,9 ] 7 t > 0, 

\rgsxa9 + r cos 9 J ryrg sm.9 + r cos 9y 

r 9 (-9 ,t) = -hi(t,r(-0 o ,t)), £ > 0, 

r e (9 ,t) = h 2 (t,r(9o,t)), £ > 0, 



where 

~ = sm9 + k i (t,rcos9 )cos9 r . = J 

cos 6*o — r cos 9 ) sin # 



By (143]) we have rcos6> = u(r Bin 6, t) ^ V2T+max^ + . So ^ r(0,£) sC 



v / 2T+max^+/sin/3. By flJSJ and fl%Z} we have 
] sin # + ^ COS 



cos 9 — u r sin 6* 



l+tan/3 — a V 2T+ max ^ 



a cos /3 sin /3 



Thus the standard a priori estimates (cf. [5j EJ [121 02]) show that the solution of 
(14. 6 p with initial datum r{9, 0) will not develop singularity till minr(-,£) — ?• as 
£ — > T for some T > 0. Moreover, T G (T~,T + ) by ( 14. 3 p and Lemma [4.21 

Now we prove (j%5|) . If w(0,T + 0) = but w(x,T + 0) > 0. Without loss of 
generality we assume x > 0, then there exists x G (0, x) such that 

m , w(x,T + 0) -u(0,T + 0) 

w x x,T + ^ _ v i > tan/3. 

x 

This contradicts Lemma 2.2 and so the first limit in (14. 5p holds. The last two limits 
in ( 14. 5 p follow from the first one. This proves the lemma. □ 



Lemma 4.4 For any given T > 0, there exists an initial datum uq such that 
the solution u(x, £; Uq) of (11.11) - ( I2TTT) exists on [0, T) and shrinks to just at time T. 
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Proof. Choose two initial datum Uq such that they satisfy conditions ( 12.2ft and 
(12. 3p . Moreover, we choose Uq large such that (14.21) holds for some T~ > T. By 



Lemma [4. 3[ the solution u(x, t; Uq) shrinks to as t — > T + for some T + > T~ > T. 
On the other hand, we choose Uq small such that (14.21) holds for some T + < T. 
By Lemma 14.31 again, the solution u(x,t;v,Q) shrinks to as t — > T~ for some 
f - <T + < T. 

Now we modify the initial datum from Uq to Uq little by little such that the 
modified initial datum still satisfies (12. 2 ft and (12. 3ft . Since the solution u(x, t;uo) of 
(Il.ip - (I2.1I) depends on the initial datum uq continuously, we finally have an initial 
datum uq such that u(x, t;uo) shrinks to at time T e (T~,T + ). □ 

In the following of this section, we fix T > and choose the initial datum as in 
Lemma 14.41 

4.3 Change of variables 

Lemma 14.31 gives the existence and boundedness of r (and so, of u), but the time 
interval is finite: [0, T). So Lemma I3~4l can not be applied to give a periodic solution. 
To get a shrinking selfsimilar solution of ( 11. ip . we introduce new coordinates as 
above. Set 

6 = arctan — , (x,y) G S'VjOj, 

y 2 2 

p = - 2 log T^f' i^y)^s\{o}, 0^t<T, 

s = -i\og(T-t), 0^t<T. 

The inverse map is 

( x = e- s e- p smd, (9, p) e ~D, s e [-| logT, oo), 

(4.8) < y = e- s e' p cos6, (9, p) G D, s G [-| logT, oo), 
( t = T-e~ 2s , s E [-|logT,oo). 

A similar discussion as in Subsections 2.5 and 3.2 shows that in these new variables, 
the original function y = u(x,t) is converted into a new function p = w(8,s). 
Differentiating the expression 

(4.9) e- s e- w{e ' s) cos 9 = u( e - s e~ w{e ' s) sin 9,T — e~ 2s ) 

twice by 9 and once by s we obtain 
(4.10) 

w e cos 9 + sin 9 e s e w (wee + wj + 1) e s (l + w s ) 

V'x : 7, 77) ~i : "p. 777775 ? 



(4.7) 



wq sin 9 — cos 9 (w^sin^ — cos^) 3 2e w (we sin 9 — cost 
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Therefore, problem ( jl.ip is converted into the following problem 



(4.11) 

where 
(4.12) 



w N 



2e 2w a 



we cos 9 + sin 9 \ wee + wj + 1 



we sin 9 — cos 9 J (we sin 9 — cos 9) 2 
-9 <9<9 , se [-§logT,oo), 
wg(-9 , s) = gi(s,w(-9 , s)), s G [-- logT, oo 
k w e (9 ,s) = -g 2 {s,w(9 ,s)), s G [-~logT,oo), 



-1, 



9i{s,w) 



sin 9 + kj(T - e~ 2s , e~ s e~ w cos 9 ) cos 9 
cos #0 — ki(T — e~ 2s , e~ s e~ w cos 9q) sin 6 Q 



1,2). 



4.4 Bound of kj 



We derive the boundedness of w in a series time intervals: [0,5 2 T], [S 2 T,T — (1 — 
5 2 ) 2 T], [T — (1 — 5 2 ) 2 T, T — (1 — 5 2 ) 3 T], • • • , where 5 is that in LemmaO 

In the first step, we choose ^ and T^ 1 as in (14.21) . and consider (11. ip on time 
interval t G [0,5 2 T] (note that 5 2 T < 5 2 T+ *C 5T~ < ST < 5T+ T~), or, 
equivalently, consider (14. 1 1 j) on time-interval s G [— \ logT, — | logT — | log(l — 5 2 )]. 
In this period, 



-2..s 



T-t ^ (1 -5 2 )T 



e 2s T < 



1-5 2 ' 



Thus, 



e 2s (T + -t) ^ e 2s [(T+ - T~) + (T-t)} < e 2s 
1-5 



5 



-T~ 



(T-t) 



e 2s T + 1 ^ 5 X := 1 + 



1 



So 



5 ' x ' " ' 5(1 + 5)' 

By g3J we have, for t G [0, 5 2 T] or s G [-§ logT, -| log T - § log(l - 5 2 )], 

e~ s e~ w cos 9 = u(-,T -e~ 2s ) < ^/2(T+ - t) max?/> + . 
max-?/> + „ / , r ma.xib + /—- 

e < r e V2^ + -t < h-v 7 ^- 

cos 6*0 cos y 

On the other hand, in the same time interval t G [0, 5 2 T] we have 

1 



T-T- T-T- T-5T 



T-t "T-5 2 T T-5 2 T 1 + 5' 



So 



e 2s (T- - t) 



(T~ -T) + (T-t) 
T-t 



> 1 
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Thus by 

e~ s e- w cos6 = w(-,T-e" 2s ) ^ ^2{T- -t) min^" 



we have 



e~ w ^ min^"eV 2 ( T ~ ~ *) > min^T 



25 



1 + 5 

Therefore we obtain the bound of w for s G [— \ logT, — | logT — | log(l — 5 2 )]: 



(4.13) - log 



V 2 ^i 

COS On 



< W < — loE 
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1 + 5 



Note that the lower and upper bounds do not depend on s. 
Take a another pair T + , T~ > such that 



V2JV i>- [ —jL= r< u(ar, 5 2 T) ^ V" ' 



2T* y y y 2T, 

Lemma 14.21 implies that T + > T~ 5T+. From time 5 2 T, w will shrink to in 
time T2 := (1 — 5 2 )T, we consider another time interval: t G [5 2 T, 5 2 T + <5 2 T2] = 
[5 2 T, T-(1-<5 2 ) 2 T], or s G [-§ logT-| log(l-<5 2 ), -\ logT-log(l-5 2 )]. Replacing 

by Tf- in the above discussion we see that ( 14. 13|) holds on this time interval. 

Repeat such processes infinite times we obtain the estimate (14.131) for w on [0, T). 

4.5 A priori estimate for w 

The gradient bound of w is similar as that for u in Section 2 and that for v in 
Section 3. Using the standard theory of parabolic equations (cf. El [121 13]) we 
can get the following conclusions. 

Lemma 4.5 Problem (14. lip with initial datum w(0, —\ logT) (which is defined 
by (14 .9p ats = — ^logT) has a unique, time-global solution w(8, s) G (7 2+/i ' 1+M / 2 ([— 6 , 8 ] x 
[— \ log T, 00)) an<i 

\\w{0,t)\\c 2 +K- 1 +>+/ 2 (l-9oMx[-^°gT,oo)) ^ C < 00 

where C depends only on fi, ki, a and (3 but not on t, T and Un. 

The global existence of w is not new, it has been obtained from the existence of 
r on [0, T) in Subsection 4.2. The estimate is important and will be used below. 
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4.6 Proof of Theorem Q 

In this subsection we prove the existence of shrinking selfsimilar solutions on [0, T). 
Conditions (ll.lOp and fll . 13j) imply that gi(s, w) and #2(3, w) are log 6-periodic in s. 
A similar discussion as in Subsection 3.6 shows that there exists a log 6-time-periodic 
solution P of (14. lip for s G R with 

( 4 - 14 ) ll-P(^> s )lloa+M.i+M/a([_ ft) ,fl ]xR) < C(ll,k U k 2 ,(T,P) 

such that s) — P(-, s) || o 2 ([— 6» .6io]) — >■ as s — >■ oo. 

Now we recover P(#, s) back to a corresponding solution of (11. ip . that is, define 
uMi (i = l,2)by 
(4.15) 

e~ s e~ p cos9 = U(e- s e- p sm9,T - e~ 2s ), Sj(T - e~ 2s ) = (-l^e"^ '^ sin0 o 

for s ^ — TjlogT. They are well-defined as in previous subsections. Moreover, 

b- l U(e' s e- p ^sm9,T-e- 2s ) = rVe"^ cos0 

= e- s - losb e- p ^ s+lo ^cose 



b\ 



= U^-^b e -Pi6,s+lo S b) sin ^ ;T _ e -2s-21og 

= U^e-'e-^ sin 9,T — b' 2 e' 2s ) 

and for i = 1, 2, 

ZT^T - e" 2s ) = (_i)V*-i°s& e --P( 6 'o !S +iog&) S in O = Hj(T - e - 2s - 21ogfe ). 

Hence, for £' := e 2s G (0, T] and -§i(T - t') < x ^ H 2 (T - t>) we have 

b- x U(x, T-t') = U{b~ l x, T - b'H'), b~%(T - t') = Hj(T - rY) (i = 1,2). 

This means that (£/", S 1; 5 2 ) is a shrinking selfsimilar solution of (11.11) on [0, T). This 
proves Theorem 1.2. □ 

4.7 Proof of Theorem 1.3 

Now we assume k% = ki(u), k 2 = ^(w) an d prove Theorem 1.3: the existence of 
shrinking selfsimilar solutions in (— oo,0). 

In the previous subsection we obtained a shrinking selfsimilar solution U of (II .ip 
on [0,T) for any given T > 0. Moreover, for any m < T and t G [T — m,T — —], 
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by the definition of new variables ( 14. 8ft we have e s G [1/y/m, \fm\. It follows from 
OUSD and gUD that 

(4.16) ||f7|| C 2+ M ,l+M/2(Q J _\Q T _ m ) ^ C, ||^i|| C l+ M /2([ T _ miT _i]) < C, 

m 771 

for some C — C(/i, fc 2) /3, wi) independent of i and T, where Q to , for any t > 0, 
is defined in the beginning of Section 2. 
Denote i := t — T and 

W(x,t;T) := U{x,T + i), Tj(i; T) := Sj(T + t) (i = 1,2), for - T < t < 0. 

Then 

(4.17) 

W t (x,t) = a(W x {x,t))W xx {x,t), -Ti(t;T) < x < T 2 (t;T), -T ^ t < 0, 
W x (x,t) = -hiwfat)), W(x,t) = -xtan/3 for x = — Ti(t; T), -T < t < 0, 
VP x (z,t) = Jfe 2 (V7(z,t)), W(a;,t) = xtan/3 for x = T 2 (t; T), -T < t < 0. 

For any fixed m G N, consider VF(x, t; T) for T > m, then (14.161) implies that 

\\ W ( x J'i T )\\c 2 +^ 1 +»/ 2 (Q^ m \Q_ :L ) ^ ll^(^)llc 1 +"/2([- m --L]) < C, 

m 

where i = 1,2 and for any / > 0, 

:= {(x,t) | — Ti(£; T) < x < T 2 (t; T), t G (-/, 0)}. 

So there exist functions f/(x,t) G C 2+ ^ 1+ ^ 2 (Q_ m \Q_i), §i, H 2 G C 1+ ^/ 2 ([-m, 
and a subsequence {7}} of {T} such that, as j — > oo, 

Using Cantor's diagonal argument, there exist functions U (x, t) G C 2+M,1+M / 2 (Q_ 00 ), 
Ej G C 1+/1 / 2 (— oo, 0) (i = 1, 2) and a subsequence of {T} (denoted it again by {Tj}) 
such that, as j — > oo, 

(4.18) WW^Tj) - U(x,t)\\c^ c (Q^) 0. ll^(t;T,) " SiC^llc^f-ocO) -> 0, 

where Q.^ := {(x,t) | -H^t) < x < S 2 (t),t G (-oo,0)}. Hence (W, Ti, T 2 ) = 
(U, Hi,H 2 ) is a solution of (I4.17P for all t G (— oo,0), that is, a classical solution of 

dnzD- 

Finally, we prove the similarity of (U, S 1; S 2 ). By the similarity of (U, Hi, S 2 ) in 
the previous subsection and by the definitions of W and Tj it is easily seen that 

W(x, i; T) = bW{b~ l x, b~ 2 i; T), T,(£; T) = &T;(&- 2 t; T) (i = 1, 2) 

for — T ^ i < 0. Therefore, ( I4.18P implies that U and Hj satisfy conditions ( I1.15P 
and ( I1.16P in (— oo,0), respectively. This prove Theorem 1.3. □ 
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